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Integrated Micro/Macro Approach for Laminate Composite
Analysis: Applications to Turbine Blades
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Universidade Federal de Minas Gerais, 31270-901 Belo Horizonte, Minas Gerais, Brazil

An integrated micro/macro mechanical procedure for structural analysis of unidirectional metal matrix com-
posites is proposed. The micromechanical analysis is performed with the composite cylinder assemblage model or
the representative volume element approach. The macroscopic stress–strain relation is based on a modi� cation
of the vanishing � ber diameter theory and the concept of a “smeared” � nite element. The � bers are considered
to be linear elastic, and the matrix viscoplastic behavior is described by the Bodner and Partom model (Bodner,
S. R., “Review of Uni� ed Elastic–Viscoplastic Theory,” Uni� ed Constitutive Equations for Plastic Deformation and
Creep of Engineering Alloys, edited by A. Miller, Elsevier Science, New York, 1987, pp. 77–106). The overall com-
posite behavior is assumed to be elastic–viscoplastic. Two types of material systems are used: SCS-6/Ti-15-3 and
SCS-6/Ti¯21-S. Both sets of material systems exhibit isotropic and/or kinematic hardening under speci� c condi-
tions of temperature and loading. The proposed methodology is validated with experimental and analytical results
available in the literature. After the validation process, this methodology is applied to a three-dimensional � nite
element model of a [0/90]2s SCS-6/Ti¯21-S turbine blade tip. Aerodynamic and centrifugal loading are considered
to be acting at the same time. The turbine blade tip inelastic strain � eld is presented.

Introduction

M ETAL matrix composites (MMCs) are in demand for use in
many structuralcomponentsin hostileenvironments.Among

the MMC advantages over traditional materials are high-strength
and elastic moduli, impact resistance, and toughness. The aeronau-
tical � eld is only one of the numerous applications in which MMC
can be used. For many years micromechanical models have been
proposed to analyze composite material behavior. A micromechan-
ical model can be describedby different approachessuch as asymp-
totic homogenization,variational techniques,and the representative
volume element (RVE). Each one has its particular characteristics.

Asymptotic homogenization techniques have been used to de-
scribe the elastic, viscoelastic, and inelastic behavior of reinforced
composite materials by researchers as Meguid and Kalamkarov,1

Yi et al.,2 and Fish et al.3 Despite the good results of asymptotic
homogenization (Fish et al.3 reported only a 3% error on stress cal-
culations), the computational efforts required are high compared
with those of other techniques, e.g., variational formulations.

Variational formulations have been applied to composite materi-
als since the 1950s, when Eshelby4 proposed a model to compute
effective properties of composite materials with ellipsoidal inclu-
sions. Since the early 1960s, efforts have been made by Hashin
et al.5,6 to develop bounds for different types of composite ma-
terials. Willis,7,8 Ponte Castañeda and Willis,9 and Christensen10

are among many researchers who developed new micromechani-
cal models by applying energy principles in the 1980s. The work
of Willis and Ponte Castañeda is focused on composite inelastic
behavior, whereas Christensen studied elastic behavior. Talbot and
Willis,11 Luciano and Sacco,12 Hashin,13 and Ponte Castañeda14 are
a few of those who developed explicit expressions for the effective
moduli and new bounds for elastic and inelastic behavior of com-
posite materials in the 1990s. In spite of the huge amount of work
done in this area, all of those models are limited to certain types of
� ber/matrix con� gurations.One possible alternative solution is the
application of the so-called RVE.

The use of a RVE has been applied to obtain the composite ef-
fective elastic moduli, as in recent works by Aboudi,15 Sun and
Vaidya,16 and Drugan and Willis.17 All of theseworks unfortunately
do not connect the micromechanicalanalysis to the macromechan-
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ical one. The micro/macro mechanical analysis was attempted by
Chun and Daniel18 for the thermoelastoplastic analysis of a unidi-
rectional MMC with the application of the Mori–Tanaka average
� eld theory19 and the concept of secant properties of the matrix.
Kodiyalamet al.20 also developedan integratedmicro/macro model
in which the micromechanicalanalysiswas used as a pointer to cor-
relate the lamina experimental and calculated properties.Aboudi et
al.21 also provided a coupled micro/macro continuum model. Their
idea was the explicit coupling between Aboudi’s classical model15

and the composite macrostructure. They developed such a theory
for functionally graded materials with good results. Another inte-
grated micro/macro mechanical analysis was performed by Tamma
and Ávila22 for the elastic–viscoplastic analysis of unidirectional
MMC, using the composite cylinder assemblage (CCA) model,23

and the RVE approach and introduced a variation of the vanishing
� ber diameter (VFD) theory.24

This paper focuses on the stress analysis of MMC structures in
which an integrated micro/macro mechanical approach is consid-
ered. A model is proposed to describe the material behavior of
MMCs that is transversely isotropic. The � bers are considered to
behave in an elastic manner, and the matrix viscoplastic behavior
is described by the constitutive model developed by Bodner and
Partom (see Ref. 25). The overall composite behavior is assumed to
be elastic–viscoplastic.A variation of the VFD theory is introduced
and associated with the smeared-element concept, creating a new
macroscopic stress–strain relation.

Integrated Micro/Macro Model
The micromechanicalanalysiscan be performedwith the CCA or

the RVE approach.As boundsfor the elasticmoduliof a transversely
isotropic composite were derived by Hashin,23 they are not derived
here; instead the attention is focused on the RVE model. Such an
approach is more � exible because it allows the researcher to isolate
a periodical microstructure and apply simple boundary conditions,
i.e., single traction and pure shear, and from energy-conservation
laws it is possible to obtain the composite effective moduli. An
asymptotichomogenizationprocedurecouldalso be applied,but the
numberof calculationswould be quite substantial.Accordingto Sun
and Vaidya,16 the RVE approach, based on displacement boundary
conditions, leads to effective moduli lower bounds because of the
applicationof the energy-balancelaws. Therefore, the choice of the
RVE is due to two factors: First, it is a less expensive computational
modeland, second,it has thepossibilityof obtainingthecomposite’s
effective moduli lower bounds.
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Fig. 1 RVE representation.

Assuming the usual Cartesian system, in which the x direction is
the longitudinal axis, and considering the composite as an overall
transverselyisotropicmaterial, a typical RVE can be representedby
Fig. 1. A displacement(u =u0) is imposed on x =2a, and the other
constrained displacements are set to zero. The normal constraint
forces are calculated and denoted by F1

x , F1
y , and F1

z , where the su-
perscript indicates that these forces are from loading case 1. Next,
a displacement (v = v0) is imposed on y = 2b, and the other con-
straineddisplacementsare set to zero.The correspondingconstraint
forces F2

x , F2
y , and F2

z are then calculated. Finally, a displacement
(w =w0) is imposed on z =2c and the other constrained displace-
ments are set to zero. The constraint forces F 3

x , F 3
y , and F3

z are
calculatednext. These nine constraint forces are used in the follow-
ing equations:

F 1
x + a F 2

x + b F3
x = P (1)

F1
y + a F2

y + b F 3
y = 0 (2)

F1
z + a F2

z + b F 3
z = 0 (3)

The unknownsare the load in the x direction, P , and the scaling co-
ef� cients a and b . Using algebraic manipulations,we can calculate
the coef� cients a and b Eqs. (2) and (3):

a =
¡ F1

y ¡ b F3
y

F2
y

, b =
F1

y F2
z ¡ F2

y F 1
z

F3
z F2

y ¡ F3
y F 2

z

(4)

The average normal strains and the average Poisson ratio are
de� ned as

e =
u0

2a
,

a v0

2b
,

b w0

2c
, m = ¡

e y

e x
, ¡

e z

e y

(5)

Finally, by using the energy-balanceequation, we can compute the
effective axial Young’s modulus as

E ¤
A = Pu0 e 2

x V (6)

where V is the RVE volume.
The effectiveaxial shearmoduluscan be calculatedwith the same

methodology described above. The boundary conditions are such
that a state of pure shear is imposed. Once the constraint forces are
evaluated, the shear-strain energy balance is applied:

1

2
F 1

s d 1 + F2
s d 1 =

1

2
G ¤

A c 2 A (7)

where d 1 is the prescribed displacement, F1
s , and F2

s are the con-
straint forces of the shear loading cases, c is the shear strain, and
A =4bc is the RVE area.

The effective transverse Young’s modulus, the effective trans-
verse Poisson ratio, and the effective transverse shear modulus can
be calculated with the same procedure.

A � nite element analysis is performed at the macroscopic level;
however, the composite material properties are � rst computed at

the microscopic level. The coupling between the micro/macro ap-
proaches is attempted by a new formulation. It is assumed that the
total strain is a linear combination of the elastic strain and the in-
elastic strain. This assumption is valid for small deformations.The
� bers and the matrix are considered to be perfectly bonded. The
� bers are linear elastic and the matrix is elastic–viscoplastic.From
the VFD theory,24 we have the following strain � eld:

e c
i j = c f e

f
i j + cm e m

i j , 8 i j 6= 11 (8)

e c
i j = e

f
i j = e m

i j , 8 i j = 11 (9)

where c stands for composite, f for � ber, and m for matrix, c f is
the � ber volume fraction, and cm is the matrix volume fraction.

The decomposition of the total strain into elastic and inelastic
portions leads to

e c
i j = c f e e

i j + e p
i j f

+ cm e e
i j + e p

i j m
, 8 i j 6= 11 (10)

e c
i j = e e

i j + e
p
i j f

= e e
i j + e

p
i j m

, 8 i j = 11 (11)

With the assumption of � bers as linear and the matrix as of elastic–

viscoplastic behavior, Eqs. (10) and (11) become

e c
i j = c f e e

i j f
+ cm e e

i j + e
p
i j m

, 8 i j 6= 11 (12)

e c
i j = e e

i j f
= e e

i j + e
p
i j m

, 8 i j = 11 (13)

It is a well-known fact that the elastic strain components are
related to stress by

e e
i j c

= S ¤
i j r e

i j c
(14)

where S ¤
i j is the effective compliance tensor, de� ned for a trans-

versely isotropic material as

S ¤
i j =

1 E ¤
A ¡ m ¤

A E ¤
A ¡ m ¤

A E ¤
A 0 0 0

¡ m ¤
A E ¤

A 1 E ¤
T ¡ m ¤

T E ¤
T 0 0 0

¡ m ¤
A E ¤

A ¡ m ¤
T E ¤

T 1 E ¤
T 0 0 0

0 0 0 1 G ¤
T 0 0

0 0 0 0 1 G ¤
A 0

0 0 0 0 0 1 G ¤
A

(15)

SubstitutingEq. (15) into Eq. (14) and the results into Eqs. (12) and
(13) leads to

r c
i j = D ¤

i j e c
i j ¡ cm e

p
i j m

8 i j (16)

where D ¤
i j = (S ¤

i j )
¡ 1 .

A generalization of Eq. (16) is obtained when the overall com-
posite initial strain e 0

i j and the initial stress r 0
i j are added:

r c
i j = D ¤

i j e c
i j ¡ cm e

p
i j m

¡ e 0
i j + r 0

i j 8 i j (17)

For a laminate, the concept of a smeared element is used. The
effectiveelasticity tensor D ¤

i j is substitutedby the transformedelas-
ticity tensor Q ¤

i j :

Q ¤
i j =

1
h

h /2

¡ h / 2

Q i j dz (18)

where h is the laminate thickness, z is the lamina semithickness,
and Q i j is the lamina transformedelasticity tensor.For more details,
see Ref. 26. In this paper, thermal strains are not considered. The
matrix inelastic strain rate is calculated with the model of Bodner
and Partom (see Ref. 25), and it is de� ned as

Çe p
i j =

D0p
J2

exp ¡
1
2

Z 2

3J2

n

Si j (19)
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where J2 is the second deviatoric stress invariant, Si j are the devia-
toric stress components, Z is the Bodner hardening parameter, and
D0 and n are Bodner material constants.

The � nite element approach approximates the displacementrates
within an element as

Çu i = Ni Çd i (20)

where Ni are the interpolation functions and Çd i represent the nodal
displacement rates. When the strain-displacement equations are
used in the rate form, the element strain rate is given by

Çe i j = Bi j Çd i (21)

where Bi j is the strain-displacement matrix as de� ned by
Zienkiewicz and Taylor.27

The usual � nite element proceduresare used, and for a represen-
tative element the � nite element equations are obtained as

Ki j Çd i = ÇF p
j + ÇF r

j + ÇF B
j (22)

where K i j is the stiffnessmatrix,and the right-handside is composed
of theelement loadvectors that are due to the rate of inelasticstrains,
surface tractions, and body forces, respectively.

These matrices are de� ned by

K i j =
X e

BT
i j Q ¤

i j Bi j d X (23)

ÇF p
j =

X e

BT
i j D ¤

i j Çe
p
i j d X (24)

ÇF r
j =

C e

N T
i Çr i j d C (25)

ÇF B
j =

X e

N T
i

Çbi d X (26)

The strategy used to solve the � nite element equations is the
following: With the initial stress distribution and internal variables
predetermined,the equilibriumequations,describedby Eq. (22), are
used to calculate the nodal displacementrates.We then integrate the
constitutiveequations forward in time at the element Gauss points.
With the updated values of stress and the internal variablesat a new
time step, the equilibriumequation is solvedagain.The procedure is
repeateduntil the desired total deformationor total time is achieved.

Numerical Applications
The numerical applications presented are categorized into two

groups. The � rst one is called the benchmark group. In this group,
strain-rate tensile tests are used to validate the proposed formula-
tions. In the second group, a practical engineering application is
discussed.

SCS-6/Ti-15-3 Strain-Rate Tensile Test
The � rst test case is a SiC/Ti MMC, SCS-6/Ti-15-3, with a 29%

� ber volume fraction. It uses a [08] laminated rectangularspecimen
with nominal dimensionsof 0.18 £ 1.91 £ 15.25 cm and a constant
strain rate of 0.01 1/s at 649±C. The phasesare consideredisotropic,
and, for the � bers, E and m are 400 GPa and 0.20, respectively.The
matrix has E =72.5 GPa and m =0.34. The elastic–viscoplastic
model constants given by Jeong et al.28 are summarized in Tables 1
and 2. Note that for these test conditions the Ti-15-3 exhibits only
isotropichardening.This fact is representedby the model of Bodner
and Partom when the hardening parameter m2 is set equal to zero.

Table 1 Temperature-independent constants for Ti-15-3

D0, 1/s Z1 , MPa Z3, MPa m1 , 1/MPa m2, MPa r1 r2

104 1172.0 0.0 0.246 0.0 1.0 0.0

Table 2 Temperature-dependent
constants for Ti-15-3

Z0 = Z2 , MPa A1, 1/s A2, 1/s n

621.0 0.0 0.0 3.0

Table 3 Effective elastic moduli for SCS-6/Ti-15-3

CCA

Property Upper bound Lower bound RVE

EA , GPa 171.7 171.1 171.4
ET , GPa 118.1 109.7 108.0
G A , GPa 55.2 42.5 41.0
GT , GPa 42.6 40.3 39.8
m A 0.278 0.265 0.265
m T 0.362 0.338 0.310

Table 4 Temperature-independent constants for Ti-¯21-S

D0, 1/s Z1, MPa Z3, MPa m1 , 1/MPa m2, MPa r1 r2

104 1600.0 3700.0 0.0 10.0 3.0 3.0

Table 5 Temperature-dependent
constants for Ti-¯21-S

Z0 = Z2 , MPa A1 = A2, 1/s n

1029.0 0.0887 0.82

Fig. 2 Stress–strain response for SCS-6/Ti-15-3 at 649±C

The elastic moduli obtained with the CCA upper and lower
bounds and the RVE approach are listed in Table 3. A slight dif-
ference ( » 5%) is observed on the Poisson ratio in the transverse
direction. It could be due to the applicationof boundary conditions
in the RVE � nite elementmodel. The numericalstress–strain results
are compared with experimental data29 in Fig. 2, and they seem to
be in good agreement.

SCS-6/Ti¯21-S Strain-Rate Tensile Test
In this test case we wish to investigate how the model of Bodner

and Partom used in this research behaves in a situation in which
only kinematic hardening is present. To pursue this goal, we select
a beta-phase titanium alloy (Ti-b 21-S) to be the matrix of a SiC/Ti
MMC with 35% � ber volume fraction. The elastic moduli for the
matrix are E =72.0 GPa and m = 0.34. The material constants of
Bodner and Partom (from Neu30) are shown in Tables 4 and 5.
The nonexistenceof isotropic hardening is ensured by the model of
Bodner and Partom when the variable m1 is set equal to zero. The
constant strain tensile test is performed at a temperature of 600±C.
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Table 6 Effective elastic moduli for SCS-6/Ti-¯21-S

CCA

Property Upper bound Lower bound RVE

EA , GPa 188.2 187.2 187.5
ET , GPa 128.9 118.2 116.4
G A , GPa 60.1 45.0 43.4
GT , GPa 46.0 42.6 42.1
m A 0.285 0.270 0.270
m T 0.387 0.354 0.325

Fig. 3 Stress–strain response for SCS-6/Ti-¯21-S at 600±C

The same laminated specimen dimensions and strain rate applied
for the SCS-6/Ti-15-3 test case are also used here.

The effectiveelastic moduli obtained with the CCA and the RVE
approachesare summarized in Table 6. The composite stress–strain
relation is compared with experimental data from Robertson and
Mall.31 It is seen that the results obtained with the integrated mi-
cro/macro model produce a slightly stiffer response (Fig. 3). The
same pattern was observed in the preceding test case. Again, the
causecouldbe attributedto theassumptionof perfectbondingand/or
the homogenization process itself. However, the results presented
are in reasonable agreement with those available in the literature.

Turbine Blade Tip
Mcknight et al.32 state that the commercial air-cooled turbine

blade squealer tip region has had a history of cracking.Kerrebrock33

asserts thatone of the reasonsfor the crackingfailureof the turbine’s
tip is shock waves. Even though the blade inlet Mach numbers are
generallysmall, shock losses arise from locally high Mach numbers
in turbine blades. As the blade loading is increased,the velocity and
the Mach number over the suction surface rise, eventually reach-
ing supersonic values. Kerrebrock33 also identi� ed the � uid � ow
leakage at the blade tip as one of the sources of turbine ef� ciency
decrease. Therefore cracking and damage at the turbine blade tip
can be consideredas major issues in the design and maintenanceof
turbines.

The objective here is to predict the inelastic strain � eld for a
turbine blade tip. This information is applicable for damage predic-
tion. Considering the present focus with three analysis possibilities,
the RVE and the CCA (lower and upper bounds), the CCA upper
bound was selected because it gives the highest stress values. The
reason is that, with the higher values, although the turbine blade
life is smaller, in a real-lifemaintenanceprocedure the conservative
moduli will ensure a turbine blade change before real cracks occur,
thus leading to a safer design. The analysis region is identi� ed in

Table 7 Temperature-dependent
constants for Ti-¯21-S (815±C)

Z0 = Z2 , MPa A1 = A2, 1/s n

300.0 2.0 0.55

Fig. 4 Location of analysis region.

Fig. 5 Turbine blade tip: � nite element mesh.

Fig. 6 Airfoil pressure distribution.



1928 ÁVILA

Fig. 7 Effective inelastic strain � eld at pressure side: Ti-¯21-S.

Fig. 8 Effective inelastic strain � eld at suction side: Ti-¯21-S.

Fig. 4 and the � nite element model is shown in Fig. 5. It used 180
eight-node hexahedron elements with 420 nodes and 1260 degrees
of freedom.

The turbine blade’s maximum span is 25.8 cm, the maximum
chord is 8.71 cm, the tip span is 2.54 cm, and the blade’s wall is
constant and equal to 0.28 cm. These dimensionsare from the paper
by Chamis and Singhal,34 who conducted a computational simula-
tion of a real turbine blade but considered only loadings that were
due to rotation. Here, both aerodynamic and centrifugal loadings
are considered. The data for aerodynamic loading (pressure dis-
tribution) for a generic turbine blade at radial midsection, where a
medium Reynoldsnumber, subsonicMach number, and steady state

are assumed, are obtained from the paperby Natalini and Sciubba.35

Figure 6 shows the � uid pressure distribution for the pressure and
the suction regions. It is assumed that there is no pressure variation
along the z axis. The peak pressure value used is 392 MPa, which,
according to Kaufman,36 is a realistic value. The centrifugal load-
ing is due to the turbine blade rotation. A rotation of 1500 rpm is
assumed, which is the same as that used by Chamis and Singhal.34

The centrifugal loading forces are calculated following Mattingly
et al.37

The turbine blade material is a SCS-6/Ti metal b 21-S laminate
composite [0/90]2s with 35% of the � ber volume fraction. It should
be noted that the 0-deg direction is coincident with the z axis. The
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Fig. 9 Effective inelastic strain � eld at pressure side: MMC.

Fig. 10 Effective inelastic strain � eld at suction side: MMC.

temperature condition assumed is 815±C, which is an average of
the temperatures used by Kaufman.36 The matrix is assumed to
follow the model of Bodner and Partom (Ref. 25), and the � bers
are considered to be linear elastic. At 815±C the matrix Young’s
modulus is 72 GPa and the Poisson ratio value is 0.34. The SCS-6
� bers material properties are considered temperature independent
and have the same material properties as those of the last two test
cases.The temperature-dependent parametersofBodnerandPartom
are listed in Table 7.

For comparison purposes, two numerical simulations were per-
formed. The difference between the two simulations is restricted to
the material used. In the � rst, the turbine blade tip is made of pure

Ti- b 21-S, and in the secondthe material used is the actualMMC de-
scribed above. The � rst analysis is used as a benchmark parameter.
The same procedure was used by Chamis and Singhal. The explicit
solution algorithm, in its incremental form with the time step equal
to 0.01 s, was used. The results shown in Figs. 7–10 were obtained
after50 time steps,when the inelasticstrainsarepresent.The highest
effective inelastic strains occur where the nodes are constrained at
the bottom. The inclusion of � ber reinforcementcauses an increase
in the overall material stiffness,as can be seen when the two typesof
analysis are compared.The same pattern of inelastic strain distribu-
tion is observed in both cases. The results are in qualitative agree-
ment with those presented by Wilt,38 in which a similar problem
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is analyzed by use of shell elements along the midsurface of the
blade, although he considers only the aerodynamic loading.

Conclusions
An integrated micro/macro mechanics procedure for structural

analysis of unidirectional MMCs has been described. The model
validationwas performedconsideringtheconstantstrain-ratetensile
test for SiC/Ti MMCs (SCS-6/Ti-15-3 and SCS-6/Ti- b 21-S). After
the validation procedure, the integrated procedure was applied to
the structural analysis of a three-dimensional � nite element model
of a turbine blade tip. The results indicate the following:

1) In the micromechanical analysis, in which the elastic moduli
have been predicted with the RVE and the CCA approaches, the
results are very encouraging.

2) In the macromechanical analysis, the present elastic–

viscoplastic analysis and the integration of the micro/macro be-
havior closely matched with the analytical and experimental data
available in the literature.

3) The three-dimensional analysis of the turbine blade tip had
a qualitative agreement with other numerical results in the litera-
ture. Unfortunately, an experimental comparison of such a type of
problem has not been available in the literature until now.

The integrated micro/macro procedure seems to be a promising
technique for stress analysis of composite structures.The inclusion
of a damage mechanism formulation is under development to bring
the integrated model even closer to real applications.
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